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Abstract - This paper deals with some multidimensional inverse dynamic problems
for electrodynamic equations. These problems are reduced to standard tomography
problems. As a result of these reductions there are uniqueness, stability estimate of
the solution and efficient numerical methods.

1. INTRODUCTION

As an emergent technology, industrial process
tomography is now about 10 years old. At first X-
ray tomography found its application in medicine
and then in industry. At present, tomography is
intensively employed in non-destructive testing
and flaw detection. The need for a simple, cheap,
and  environmental-friendly  technology  of
monitoring of internal structure of objects gave
start to develop new methods of tomography.
There is now growing interest to such an area as
electromagnetic tomography. There are basic
principles of 3-dimensional electromagnetic
monitoring by measuring the dynamic of
electromagnetic field on an enclosing 3-
dimensional object. These principles are based
on the following recent research results:

1) recovering structure of inhomogeneous
electromagnetic media by the measurement of
the dynamic of electromagnetic fields in domains
accessible to observation;

2) constructing efficient and stable algorithms
solving different problems of computerized
tomography;

3) a possibility to measure the dynamic of
electromagnetic fields with high accuracy and
resolution.

Below we will consider in detail the first of
above-mentioned principles on the example of
the  problem of electrical conductivity
determination of inhomogeneous electromagnetic
medium which is inside a 3-dimensional ball, with
given dynamic of the electromagnetic field on the
surface of this ball. We show that this problem
can be reduced to a computerized tomography
for which we can use well-known, efficient, stable
numerical methods ( see, for instance [1]-[2]).

The present paper deals with the inverse
problem of determining the conductivity function
s(x) which enters, as a coefficient, into the
Maxwell system with constant dielectric and
magnetic permeabilities. We describe here the
formulation of the direct and inverse problems for

this Maxwell system and properties of the direct
problem solution. Using these properties we show
that the inverse problem can be reduced to the
well-known tomography problem.

2. DIRECT PROBLEM AND
PROPERTIES OF ITS SOLUTION

Let us consider for x=(Xy, %, X5) 1 R, tT R
the following Maxwell system

curl H =e€éE +s(x)E2+ |,
et 2

curl E =- mm 1)
qit

and the conditions

E|t<0: O, H|t<0: O. (2)

Here E=(Ey, E,, E3), H=(H4, Hy, Hs) are the
vector-functions of electric and magnetic
intensity.

Our assumptions are the following. The
guantities €, m | are fixed positive constants,
s(x) is a smooth function from the class C*(R®)
with constant values s © s° for xI (R3\D),
where D is open in R, and
DI D(I)={XT R%| | x| <I };

s ={xi R*||x|=1}, D, =R*\D()
t(x, x°)=em|x- x°|, G=t%-t 2(x, xo)

Jo(t) is the Heaviside step function,

tk d¥
Qk(t) =EQO(t)v q-k(t) = dt_qu(t), k=12,.

d(® is the Dirac delta-function,
d(x— xo):d(xl - xf)>d(x2 - x2)>d(x3 - xg),

x° = (Xf, X3, Xg) is a parameter from R’.

Theorem 1. Let j = ed(x —x°)(t), X°T Dy, e
be a vector in R® .Then under the above
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conditions and notations there exists the unique
solution of the problem (1), (2) which can be
represented in the form

Hlxt €)= a(X,t%))q(t -t (x,)()»t>t,l .
(xt) 1hkat g t£t1()

E(X’t’xo):i,' ézbk(xt,x(’)qk(tz o)t
folxt, ),

n(x,t,x°)= %(em)”2 expg St

B0
=
N—

w
o
\
N
N
1
c

: cur|§(6)+qo<e)exp§

S50 u_.
ZG-gIO(G)He’

a, bl C'(R [t, T]” El)for every T>0.

Moreover, the following formulas for the
functions b%(x, t, X°), a?(x, t, X°) take place

b?(x, t, x°)=-2ta*(x, t, X)-b%(x, t,X°) (5
a‘(x t, x0)= r_ln [a™(x t,x°)  Nt?(x, x°)](6)

where
1 o) 1 2,
a (x,t,x )—z(emg)]/
e 0
expg- 2|x— x°| e (x)dsge; 7)
b 2(x,t,xo)z— ?zt 2(x, x°)'
’ (a'l(x,t, x°)>n(x, xo))n(x, XO); (8)

t%(x, X°) = emx- X2 n= (x-xO/x-x.

Remark 1. Theorem 1 can be proved using
the reasoning from works [3, 4, 5].

Let (E¥(x, t, X°), H*(x, t, X°)) be the solution of
the problem (1)—(2) for e=e where € is a basis
vector of R, f(x, X°) and g(x, xX°) be the functions
defined as

2

. ¢ ,

lim & QEk(X,Z,XO)
t®t (x,x0)+0 k=1

’ (z2 - t 2(x, xo))dz|2 :

2

ol x°)=

QH (xzx)

f(x, x°)= lim
t®t(xx )+0 k=1

’ (22 -t 2(x, x°))dz| )

Using formula (3)-(7) and the fact that s(X) is

identical constant for Xl R®\ D we obtained the
following properties:

o) P

=1

- (ek >n(x, xo))n(x, x°)|2 , 9)

f(x, x°)= Y(x, xo)é2 |ek ’ n(x, x°)|2 (10)

where -

v{i0) = exf M) 0,5 ()20

3.INVERSE PROBLEM IN RAY
FORMULATION AND ITS
REDUCTION TO A

TOMOGRAPHY PROBLEM

Let us consider positive numbers |, T, & m
such that T > 2lem We will suppose that the
function s (X) T C*(R®) has constant values s °©
s%for xT R®\ D and is unknown for x 1 D. We
will also use here the notation of the previous

section. The main object of this section is the
following inverse problem.

Inverse Problem. Find the unknown function
s (X) for x T D which enters into the system of
differential equations (1), (2) if we know one of
the following additional information
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EX (1)l ¢ g = 0K (00t k=12 (12

or
k 0 — £k 0 —

H (x,x ’t)ln‘s,x%_f (x,x ,t),k—lz @3
Here g“(x, X°, 1), f X(x, X 1), k=1, 2, are

unknown functions, for I §,x% S, tI [0,T].
We note that for

n(x, X)=x-x/x-x% xT S, X1 S

the following inequalities take place

2
kéi_l| e, - (ek >n(x, xo))n(x, x°)| >0

§| e n(x, x°)|2 >0

=1

and therefore (9)-(11) yield the relations:
(\D(X,XO)S~(X)dS= Fl(x, xo), x1 §,x°T § (14)
(‘D(xyxo)s~(x)ds= Fz(x, xo), xI §,x°T § (15

where

s(x)=s(x)- s,

Foc)s %XO) de
bk )G g, o3 s

Fz(x,x° 1, (em)’ éz_|ek

- (ek >n(x, x°))n(x, Xof% QS °ds.

We can determine the values of the function
F1(X, XO) for every XI S, X1 S from the
information of the form (13). Thus the inverse
problem in this case can be reduced to the
tomography problem (14). Analogously, the
inverse problem with the additional information of
the form (12) can be reduced to the tomography
problem (15).

4. CONCLUSION

Sections 2 and 3 contain the mathematical
statement and apparatus of the electrical
conductivity determination problem for
nonhomogeneous electromagnetic medium. We
suppose that dielectric and  magnetic

permeabilities of this medium m e are constants,
and the conductivity s(X) is the smooth function
of a space point X . Moreover, we assume also,
that this function s(x) equals to s° (a constant)
outside some domain D, and is unknown function

of three arguments inside D. The boundary of the
domain D is unknown also, but it is known, that
this domain D is included in a ball of some fixed
radius |, i.e.

DI D) ={x1 R||x<I}.

The current density has the form
3=5We g0
e

here J° is the external current density having the
form

= ed(x - X0 xd(t),

where e is a fixed vector of the 3-dimensional
space; X’ is a point of the sphere § = { xT R |

X =1},

Notice that this point X2 can run the surface S
being the parameter of the experiment;

dx- x°)=d(x - x)d(x - x)d(x,- x)
where d( ¥ is the Dirac-delta function.

Remark 2. The internal current of the form J°

= ed(x - X)%(t) is a pulse directional source
which is concentrated in the point X = X’ at the
moment t = O in the direction of the vector e.
We will denote through EX(x, t, X°), H*(x, t, X°) the
electric and magnetic intensity vectors
corresponding to the external current J° with the
directional vector e = €&, where € is k-th basis
vector from R, i.e. €'= (1, 0, 0), &= (0, 1, 0), €°
=(0,0,1).

We determine the function F(x, X°, t), G(x, X,
t) by equalities

The main objective of the study is to
determine the domain D and the function s(X) for
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xI D ifit is known one of the functions F(x, X°, t)
or G(x, X, t) forallxi S, X7 S,

th [t (x, X% - w, t(x, X°) + w],
where W is a fixed positive number.

Let g(x, X, f(x, X°), n(x, X°) be the functions
defined by the equalities

g(x, x°)= I(imo G(x, x°,t),

t®t |x,x" O

f(x, x°)= I(%%OF(X, x°,t),

t®t|x

o) x- X°
nix, x°)= -
x- X1

It was shown in sections 2 and 3 that problem
can be reduced to standard tomography problem
(14) or (15). We remark here that the right-hand
sides of the equalities (14), (15) are defined
though the functions f(x, X°), g(x, x°), respectively.
To solve the obtained tomography problems (14)
and (15), it can be used recent numerical
techniques such as [1]-[2]. A possibility to
measure the dynamic of electromagnetic fields is
the separate important topic which we do not
discuss in our present paper having the
theoretical character.

We conclude by remarking that, for different
applications, the original statement of the
problem may be quite different. It is possible to
reduce a lot of problems of that kind to the
standard computerized tomography problem.

The presented technology of electromagnetic
monitoring can be applied in medicine, non-
destructive testing, flaw detection.

From mathematical point the results of the
present paper continue the investigation of the
work [3-6].
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